Introduction and definitions.
It is clear that the concepts of power series and formal power series are related but distinct. So we begin with the definition of formal power series. Definition 1.1. Let S be a ring, let l ∈ N be given, a formal power series on S is defined to be a mapping from N l to S, where N represents the natural numbers. We denote the set of all such mappings by X(S), or X.
In this note, we only discuss formal power series from N to S. A formal power series f in x from N to S is usually denoted by It is clear that all those operations are well defined, that is, g + f , r f , and g · f are all in X.
We define the composition of formal power series as follows. Definition 1.2. Let S be a ring with a metric and let X be the set of all formal power series over S. Let g ∈ X be given, say g(x) = ∞ k=0 b k x k . We define a subset X g ⊂ X to be
where
, for all n ∈ N, created by the product rule in Definition 1.1.
We will see that X g ≠ ∅ by Proposition 1.6. Then the mapping T g : X g → X such that
Some progress has been made toward determining sufficient conditions for the existence of the composition of formal power series. The most recent development can be found in [1] where Chaumat and Chollet investigated the radius of convergence of composed formal power series and obtained some very good results.
Consider the following examples before going any further. n!x n converges nowhere except x = 0. However, one checks that the composition g(f (x)), not a composition of functions, is a formal power series.
In Example 1.3 note the difference between the composition of formal power series and the composition of functions such as analytic functions. That is why one is not surprised to read the concern from Henrici [2] . Example 1.4 shows that many convergence results in calculus may not be assumed or applied here.
Some progress has been made toward determining sufficient conditions for the existence of the composition of formal power series.
n be a formal power series. The order of f is the least integer n for which a n ≠ 0, and denoted by ord(f ). The norm, , of f is defined as f = 2 − ord(f ) , except that the norm of the zero formal power series is defined to be zero.
Under these definitions, a composition was established as follows.
Proposition 1.6 (see [3] Clearly, the requirement lim n→∞ f n g n = 0 implies that the only candidates for such g are formal power series with constant term equal to zero unless f is a polynomial. Is this restriction necessary for the existence of the composition of formal power series? What classes of the formal power series can be allowed to participate in the composition? Additionally, is there any sufficient and necessary condition for composition of formal power series? Some of these questions are answered in this note.
Coefficients of f n (x).
A formal power series is actually the sequence of its coefficients. The composition of formal power series is eventually, or can only be, determined by their coefficients. First, we investigate the coefficients of
is a formal power series. Of course, mathematical induction or the multinomial coefficients can be used to initiate the investigation of the coefficients of f n (x). We show that the kth coefficient of f n (x) mainly depends on a 0 . This property leads to the main theorem.
series. For every n ∈ N, we write
and put a (1) 
If a m ≠ 0 but a j = 0 for all j > m, we define the degree of f to be the number deg(f ) = m. If there is no such a number m, we say that deg(f ) = ∞.
Suppose that S is commutative and let n ∈ N be given. For any k ∈ N ∪{0}, the kth coefficient a (n) k is determined by the multinomial
3) where the sum is taken for all possible nonnegative integers r 0 ,r 1 ,...,r k , such that r 0 + r 1 +···+r k = n and r 1 + 2r 2 + 3r 3 +···+kr k = k.
For any n ∈ N and k ∈ N ∪{0}, we denote
and then define
For any n ∈ N and k ∈ N∪{0}, since
k , the number of selections of the k-tuple (r 1 ,r 2 ,...,r k ) is finite, no matter how large n is. This property, which will be proved in Lemma 2.2, is very important for the investigation of a 
. This proves the necessity of (ii).
Let is well defined and the mapping is obviously oneto-one, which proves (iii).
The proof is completed. 
It is obvious that, R(s)
Lemma 2.6. Let k ∈ N ∪{0} and s ∈ N be given and let Then r s = ks − r 0 = k, and hence r = r(s).
The proof is completed.
Composition of formal power series.
A formal power series is a mapping from N to a ring S. If this ring is endowed with a metric, the pointwise convergence of a mapping from the set of formal power series to itself is well defined. This gives us a way to define a composition in the set of formal power series over a ring.
Theorem 3.1. Let S be a field with a metric, let X be the set of all formal power series from N to S, and let f ,g ∈ X be given with the forms
and deg(f ) ≠ 0. Then, the composition g • f exists if and only if
exists for all k, or, the
converges in S for all k. We show that (3.2) is true by mathematical induction on k. Since the conclusion is obvious if a 0 = 0, assume that a 0 ≠ 0.
It is clear that (3.2) is true for k = 0 because the expression in (3.2) is c 0 . Suppose that (3.2) holds for all j with 0 ≤ j ≤ k for some k ≥ 0.
Since deg(f ) ≠ 0, we may find s ∈ N such that 1 ≤ s ≤ deg(f ), a s ≠ 0 but a j = 0 for all 1 ≤ j < s, that is, a s is the first nonzero coefficient of f except the constant term. Consider a (n) ks+s for any n ∈ N with n ≥ (k + 1)s. As in Lemma 2.6, denote r(s) ∈ R(s) converges for |x| < R for any k ∈ N ∪{0}. Then, for any k ∈ N ∪{0} given, by the proof of Theorem 3.3. However, Example 1.4 tells us how careful we have to be when we try to assume any result from calculus. Theorems 3.1 and 3.3 tell us that the existence of g • f strongly depends on the constant term of f and the coefficients of g. This result directs us to a deeper investigation of the subset of X in which the composition is closed. It is clear that Theorems 3.1 and 3.3 can be applied to ordinary power series.
